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RKH Space Approximations for the Feedback
Operator in a Linear Hereditary Control System

1. Introduction. Linear hereditary systems are complicated by the fact that state space formulations
require an infinite dimensional state space. For linear functional differential equations the usual
choice of state space leads to a description by an abstract evolution equation and to approximations
by semigroup techniques [2, 5, 8, 9]. We have advocated in several papers an alternate approach,
i.e., something other than ordinary differential equations in infinite dimensional spaces [15, 16].
Our approach is to describe system dynamics by operator equations defined on a reproducing
kernel Hilbert (RKH) space. This approach, motivatedb by an integral equation or an input-output
operator description of the system dynamics is general enough to include linear functional
differential equations and Volterra integral equations. In this approach one gives up the familiar
guide provided by finite dimensional state space systems; but one gains the powerful methods
associated w1ﬂ1 RKH spaces (1, 10, 13, 18]. In particular, matrix representations of continuous
linear transformanons and the approximations suggested by the convenient dense subspaces of
K-polygonal ﬁ1nct10ns are avatlable in RKH spaces.

In this paper we apply tﬁcse methods to the problem of constructing suitable finite dimensional
approximations to the feedback operator of a linear hereditary system. We are concerned with
systems as diagrammed in Figure 1, where A denotes the system input-output operator, D denotes
a feedback control operator, and f and h denote, respectively, the system input and response. One
should think of the "physical plant" as being modelled by the input-output operator A. We assume
A is linear and causal but is not necessarily time invariant or memoryless.

In applications the feedback operator is determined by a control system designer to achieve
some desired objective, i.e., stabililizing the system, tracking a desired trajectory, or obtaining a
desired terminal condition for the system response. Such feedback operators may simply involve
proportional/integral/derivative terms or more complex dynamic compensation. Synthesis methods

for hereditary systems [3, 4, 8, 16] lead to feedback operators D which are linear and causal.
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Figure 1. Feedback Control System.

In this paper we are not concerned with the synthesis of a feeback operator to achieve a desired
objective. Motivated by problems of digital implementation of such control operators, we present
methods to obtain finite dimensional (finite dimensional range) operator approximations to the
system feedback operator. Digital implementation requires storage of a discrete representation of
such approximations and rules for their evaluation. In Section 3 projection methods are used to
obtain feedback operator approximations and show convergence of these and related system
operator approximations as the sampling interval goes to zero.

In order that these approximations satisfy the physical requirements of causality a simple
"hold" of one sampling period is introduced in their definition. Such delays in digital control
systems result from computational and data processing considerations which can become a
significant factor in the control of high order systems [12]. Although one normally expects to use
equally spaced samples, this is not a requirement for our methods. Convergence of related operator
approximations has been considered in our previous effort [15].

In Section 4 we discuss the computational implementation of our approximation scheme. A
matrix representation of the approximate feedback operator is presented. If the feedback operator is
time invariant, it is shown that evaluation of the approximate feedback operator can be achieved
through a simple convolution formula and computer storage requirements can be greatly reduced.
We illustrate the effect of implementing our feedback operator approximations by considering two

numerical examples in Section 5. These examples indicate a slight deterioration in the control
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system performance as the holding time increases and point to several interesting problems for
future research.

For finite dimensional state space systems, use of numerical integration rules and related
approximation schemes to obtain digital filters is well understood [7]. The significance of our
results lies in the fact that we have provided an analysis of a much broader class of feedback
operator approximations and a compatible scheme for their digital representation and
implementation. Examples show that our methods reduce to standard approximations in the state

space case.

2. Preliminaries. We begin by presenting our abstract setting. One should refer to the text [19] by
Willems for a basic discussion of the operator equation approach. For completeness, we present
only necessary background information. Letr be a nonnegative number, S the number interval [-r,
o), d a positive integer, X = RY, <, «> the usual inner product on X, and | « | the corresponding
inner product norm. Let G be the class of functions from S into X to which f belongs provided 1) f
is continuous on [0, ) and 2) if r > O then f is continuous on [-1, 0) and f(0-) exists. Let {N,, x
in S} be the family of pseudonorms defined on G by N, (f) = tub{ | f(t) |, T <t <x},fin G and x
in S.

Let B denote the class of linear transformations of G to which B belongs only in case

1) [Bfl(x) =0 for each fin G and x in [-r, 0] and

2) for each compact subinterval [u, v] of [0, eo) there is a number b such that
| [Bf](t) - [BfI(s) | <b Ji Nx(f)dx, for each f in G and subinterval [s, t] of [u, v].

The nondecreasing function bl is called a variation function for B on [u, v].

We will reserve C to denote the element of B defined by

0 1<t<0
[ = f:) f(s) ds 0<t



for fin G and tin S. The simple state space system given formally by h(t) = f(t) + afto h(x)dx,
where o is a d X d matrix and f is in G, would be written as h = f + aCh. The general class of
hereditary systems to be considered are of the form h = f + Bh with B in B. One should realize that
our abstract setting is based upon an integral equation description of the system dynamics.

We can obtain an equivalent class of models as follows. Let A denote the class of linear
transformations of G to which A belongs only in case A - Iis in B where I is the identity on G. If
B is in B then I - B is a reversible map from G onto G and (I - B)lisin A. Similarly, an element
A of A is areversible map from G onto G and I - A"l is in B. Thus we have equivalent system
descriptions in terms of B=1- A"l or A = (I - B)1 [13]. For the system as diagrammed in Figure
1,if B=I-AlandDisinB thenh = A(f + Dh) = (I- BY}(f + Dh). Thush=f+Bh+Dhorh=
(I - B - D)'If. Here (I- B - D)! exists since B + D belongs to B.

Qur analysis takes place in a reproducing kernel Hilbert space associated with the operators in

A and B. Let k denote the increasing function defined on S by
l+r+t if r<t<0
k) =
1+2r+t if 0<t
fortin S. Let Gy denote the subspace of functions in G which are Hellinger integrable with

respect to k, i.e., fis in Gy only in case for each compact subinterval [a, b] of S there is a number

M such that

n
2 _ 2
2; 1£6s,) - s, ) 1 (k(s,)) - kGs, )= D, 1dfGs, o) P 1 dkGs, ,5,) <M
p= s
for each partition {sp}‘(‘) of [a, b]. Here df(sp_l, sp) = f(sp) - f(sp_l). The least such number M is
denoted by J‘: | df |2 / dk.

Note that elements of Gy, are absolutely continuous on compact subintervals of [0, ] and

[-r, 0) if r > 0 [10]. Furthermore, if each of f and g is in G and [a, b] is a compact subinterval of S

then the integralf: <df, dg> / dk exists as a limit through refinement of partitions s of [a, b] of
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approximating sums of the form Es <df(sp_1, sp), dg(sp_l, sp)> / dk(sp_l, sp). Let G_ denote the

subspace of G to which f belongs only in case r: | df I2 / dk < eo and Q__ the inner product for

G_ given by Q_(f, g) = <f(-1), g(-1)> + Ic: <df,dg>/ dk. The space {G_, Q_} is a complete

inner product space with norm N_ and has a reproducing kernel K given by K(s, t)x = k(min(s,
t))x for (s, t) in S X S and x in X. Thus K(, t)x belongs to G, for each tin S and x in X and
<f(t), x> = Qy(f, K(,t)x) foreachfin G_, tin S and x in X.

It may be shown that the norm N__ restricted to PGy T > 0 is equivalent to the Sobolev norm
T
(f o | f(t) |2 + | £7(t) |2} dt)m. However use of the norm N_ or equivalently the kernel K results

in simplified representations and approximations of continuous linear operators.

One can show [15] that an element B of B maps G into Gy; and hence an element A of A
maps Gy onto Gy. We will be concerned with the restrictions of elements of A and B to Gy but
will not introduce any special notation for these restrictions.

Let {P,, x in S} denote the family of projections on G given by
f(t) r<t<x
[P0 = { f(x) x <t
for each f in G and (x, t) in S X S. It is important to note that operators B in B are causal, i.e.,
P BP} foreach T2 0.

To illustrate the properties of the kernel K let us compute the adjoint in {G_, Q_.} of P;C,

T>0. IffisinG_, tisin S, and x is in X then

<[PO*](1), x> = Qo (PrC)*f, K(, )x)
= Qoo(f’ PTCK( > HX)



T
= J <df, dCK( ,t)x> / dk
0

T
= J' <df, K(,t)x>
0

= <f(T), K(T, t)x>
T
- <f(0), K(O, t)x> - J <f, dK( ,t)x> .

0
If -r < t < 0 then <[PCY*f](t),x> = <f(T) - £(0), k()x>. If 0 < t< T then <[(PrC)*f](t),x> =
<E(T), k(x> - <f(0), k(0)x> - <[CfI(t), x>. If T < t then <[(PLC)*fI(t), x> = <F(T), k(T)x> -
<f(0), k(0)x> - <[Cf}(T), x>.
Thus
[(PLCY*](t) = K(t, TH(T) - K(t, 0)£(0) - [PrC1I(t) .

This expression will be used in the following section.

3. Matrix representation the convergence theorem. One of the many advantages of an RKH
space setting for our analysis is the tractability of the dense linear subspace defined in terms of the

kernel K, the K-polygonal functions [10]. Consider the family of projections {I1,} from G into

G_ witht= {tp}g and increasing sequence in S defined by

f(to) TSSSt,
[T1£1Gs) = (l/dk(tp_l, tp)){dk(s, tp)f(tp-l) + dk(tp_l, s)f(tp)} to <s< t
t(t,) t <s

for each fin G and s in S. Elements of [,G are called K-polygons. One can show that for each
T > -r, the union of the subspaces l'[tGH, {tp}g a partition of [-r, T] is dense in PTGH with
respect toN__.

Suppose that D is an element of B, {tp }3 is a partition of some interval [-r, T], and

¢ = mesh(t) = max (tp - tp_l), p=1,2,..,n. When T > 0 we assume that O is the partition. Let D,




denote the linear transformation of G defined by

0 r<u<c-r
(D] = [HtDI'Ith(u -¢) c-r<u

for each fin G. At first it is natural to choose [] DI, to approximate D [15] but [IDIT, does not
satisfy the necessary causality requirement. Here D, is causal and we show D, approximates D.
Thinking of D as a feedback operator and J1.f as sampled data, Df represents an approximation to
Df obtained from a translation of [ DITf.

For linear functional differential equations the basic feedback operator arising from linear
quadratic regulator design [3, 4, 6, 8 ] has the form W(t) = -K, (Dh(t) - Jt_er(t, T)h(t)dt where

K, and K, denote matrix valued functions. Since our approach is based upon an integral equation

description of the system dynamics the feedback operator D would be of the form [Dh](t) =
t
- Jo {K (0h(T) + f;Kz(u, Th(u)du} dt. With appropriate boundedness assumptions on K

and K,, D belongs to B.

To further illustrate the possibilities for the feedback operator D, we consider a finite
dimensional state space example. Robust control system design methods for a plant xp’ = 0L, X, +
Bu,, z=7,x, lead to a compensator x," = O.X; +B.z, y =YX, + 3z and interconnection
Uy =Trer- Y where 1, denotes a reference signal. Integration yields X, = xP(O) + ()Lprp + BpCup
orx,=(1-0, C)'l(xp(O) +8,Cuy), x,=(-0, Cy'R,Cz, and y = {y,( - o .Cy'8.C + 8 }y,x,.
Letting u = 8 Cu,, we obtain u = 8 Cr,¢ - Dx, with D = B,C{y( - o C)18.C + 3.} Y, Here D

belongs to B and our approximation metohds apply.

Theorem 1. The operator D, is in B . Furthermore, any variation function bk of D is also a

variation function of D,




Proof. If bk is a variation function of D, fis in G, and 0 < tp1 <u-c<v-¢c< tP then

| (DA - DA | = VKt 5, £)) | dk(t, 1, v - ODILLE,) + k(v - ¢, DI, ) -
dk(t, - DI, - dk(u - ¢, )DILA, ) |
dk(u-c,v-c) [P

<b
dk(tp-l tp) t(p-1)

N (IT;f)ds

<b dk(u, v) Nt(p)(Htf)
<b dk(u, v) Nt(p)(f)

< bJ. N, () dk(s) .

IfOStp_1 Su-cStpStq_ISv-cStqthen
| [DL1(V) - [Df](w) |
< | [DLIE) - DAt ; +©) |
-1
+ i I [Dtﬂ(tl + C) - [th](ti-l + C) l
i=p+1
+1 DIt + ) - DFIW |
<b dk(u, t+ c)Nt(p)(f)
-1
+b 2 dk(ti_1 +C, b+ C)Nt(i)(f)
i=p+1

+b dk(tq_1 +cC, v)Nt(q)(f)

<b j N ()dk(s)

and we are through.

We are concerned in this paper with the problem of substituting the finite dimensional

approximation D, i.e., D, has finite dimensional range, for a given feedback operator D, see Figure
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1. We begin by studing the convergence of nets D,, t a partition of [-r, T]. In an application the
feedback operatér is chosen to achieve some desired objective, i.e., the plant h = f + Bh + Dh, or h
= (I- B - D)’!f with B =1 - A'! behaves satisfactorily. Since D, represents a digital implementation
of D, it is important to also consider convergence of the nets (I- B - Dt)'1 to the system
imput/output operator (I - B - D)1, In later sections we take up a computational implementation of
these ideas and apply then to two examples.

A function L from S X S into the continuous linear transformations of X is called the matrix
representation of D provided <[Df](t), x> = Q_(f, L(, t)x) foreachfinG_, tin S,andx in X. A
fundamental property of RKH spaces is that every continuous linear transformation between such
spaces has a matrix representation. A problem is that D maps Gy, into Gy rather than G_ into G,

For T in S, P{D is continuous from G_ into G_, with respect to N_ and so P;D has a matrix
representation. Note that <[PyDf](t), x> = Q_(PyDP.f, K(, t)x) = Q_(Pf, (P D)*K(, t)x), for
1<t<T,fin Gy, and x in X. LetL(s, t) x = [(PD)*K(, t)x](s) for -r<s,t<Tand x in X. To
obtain L without having to compute (PfD)* note that, for 1 <i,j<dand -r<s,t<T, <e, L(s,
t)ej > = Q. (PtDK( , s)e;, K(, t)ej) = <[DK(, s)e;)(D), ;> where ¢; and ¢; are standard basis
elements of X = R9. In light of this equation we speak of the matrix representation of D rather than
of P;D.

Note that L(s, t) = O for -r £t < 0. For L causality means that given -r <t <s, <x, L(s, t)y> =
<[DK(,s)x](t),y> = <[DK(,t)x](t),y> = <x, L(t, t)y> for each x and y in X i.e., L(s, t) = L(t, t).
Hence L(,t)x is in G_, for eéch tin S and x in X.

For each positive number T, let Ny denote the operator pseudonorm defined on the linear
operators F of Gy; which are continuous with respect to N by Nyp(F) = sup{N(F g)/N o‘,(PTg) | g in
Gy PTg # 0}. Assume for the rest of the paper that T is a fixed positive number. We will discuss
convergence of D, and the control systems {(I- B - Dt)'l}, t a partition of [-r, T], using Ny and

the matrix representations L and M of D and D,, respectively.



Theorem 2. The operator P;D is the limit through refinement of the net of finite dimensional

operators {D, }, t a partition of [-r, T], with respect to the operator pseudonorm NyT-

Lemma. If tis a partition of [-r, T], u is in the range of t, and x is in X then N_(L( ,u)x -
M(, u +€)x)? = N (L(,wx)? - T, | dL( , u) x [Ydk.

Proof. If yisin X, vis in S, and ¢ = mesh(t) then

<y, M(v, u + ¢)x> = <[DK(, v)y](u + ¢), x>
= Q_(IDILK(,v)y, K(, u)x)
= Q_(K(, v)y, ITL(, w)x)
= <y, [ILLC, wxl(v)> .
Thus
Q.L(, wx, M(, u + €)x) = Qeo(L(, w)x, ITL(, wx)
=X, |dL(, u)x [/ dk
=N_M(, u +c)x)? .
Hence N_(L(, u)x - M(, u +¢)x)? = N_(L(, wx)? - 3, | dL(, w)x |2/ dk .

Lemma. If [u, v]is a subinterval of [0, T] and x is in X then N_(L(, v)x - L(, u)x) <
N_.(PD) | x | dk(u, v)12. Also, for each partition t of [-r, T], N_(M(, v)x - M(, u)x) <
N_(P;D) | x | dk(u, v)12.

Proof. Note that N_(L(, v)x-L(, u)x) = N (®PD)*X(, v) - K(, u))x) <N_(PD) | x |

dk(u,v)!?  and N_(M(, v)x - M(, w)x) = N_ATPD)*LK(, v - ¢) - K(, u - ¢))x) €
N_®;D) | x | dk(u, v)'2.

10
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Proof of the theorem. If {sp}g‘ is a partition of [-r, T], {tq}g is a refinement of s, ¢ = mesh(t),

fisin Gy, xisin X, and uis in [s sp] for some positive integer p then

p-I
| <[DfI(u) - [Df](u), x> |
= | Qu(f, L(, wx - M(, wx) |
< Noo(PrD) {N_(L(, wx - L(, 5, )x)
+ N_(L(, sp_l)x - M(, Sp.1 + c)x) + N_(M(, Sp.1 co)x - M(, wx)}
SN(PrO{N_(PD) | x | dk(s, 1, W2 + (N_(L(, 5, 1)%)
u) + dk(0, ¢))2}

p-1’
- 2,1 dL(, 5,) x [*dk)"2 + N_(PyD) | x | (dk(s,,;,
SN.(PrH{3N_(PD) | x | (mesh(s)"2 + Noo(L( , 5, )x)*
-2, 1AL (, 5,.) x 2 /dk)"%}
Suppose that € > 0, {sp}g is a partition of [-r, T] such that mesh(s) < (8/6(N“(PTD) + 1))2/d,
t” is a refinement of s such thatif t refinest’,p=1,2,..,nandi= 1,2, ...,d then

NL(L(, sp.0)e)? - 2,1 dL(, 5, e; 2/ dk < (e/2)%/d. If trefines " and | x | = 1 then
| < [Df](u) - [Df](u), x> |

d
<) x| <[Df@) - Df(w), e |

i=1

d
172
<) 1% IN (P He/d
i=1

SelxlNoo(PT ’
ie.,NyT(D-D,)<e.

Theorem 3. If Bisin B then (I - B - D)1 is the limit through refinement of the net {(I- D - D[)'l},
t a partition of [-r, T], with respect to the operator pseudonorm N

Lemma. If bk is a variation function for D then bePTk is a variation function for (I- D) - I on

[-r, T].

11



Proof. If h=f + Dh then by the Gronwall inequality N (h) < eb“Nu(f) for each u in [0, T].
Thus for each subinterval [u, v] of [0, T]

| [X-DY)() - f(v) - [(L- D) ](w) + f(u) |

<b _[ N (( - D) ' dk(s)
<b J ¢”*N (f)dk(s)

v
<be | N(f) dk(s) -
u

Proof of the theorem. Assume b k and b,k are variation functions for B and D, respectively.
Then N((I- B-D)™) <1 + bebT(k(T) - k(0)), where b = b, + b,. Hence for each f in Gy;.
N (@ -B-D)!f-I-B-D)ylf)
SN - B - D) Y)Nyp(D - D)N_(P(I - B - DY )N (P1f)
< {1 + be®T(k(T) - k(0)) INyp(D - D)N_(P1(I - B - DY) N_(P;f),
ie, Ngp(d-B-D)!-(@-B-Dyl) < {1+ be’Tk(T) - k(0))}IN_(P(- B - Dy)N, (D - D).
Thus (I- B - D)! is the limit with respect to the operator pseudonorm Nypof the net {(I1-B -

D,)'}, t a partition of [0, T].

Thus N(I - B - D))"!f - (I - B - D)'!f) converges to zero with respect to refinements for each f
in Gy i.e., the solution of h = f + Bh + D h converges uniformly on [-r, T] to the solution of h = f

+ Bh + Dh.

4. Computational implementation. In this section we elaborate on the discrete structure of the
approximation D, which facilitiates a digital implementation. Recall that L and M denote the matrix
representations of D and D, respectively. In this paper we are not concerned with computing L(s, t)

or M(s, t) for various values of s and t in S but with the effect of using the approximations D, in

12




place of D. We would expect that most D's met in practice would have representations in terms of
familiar integrals and we can obtain the various values of L and M using some existing numerical
quadrature code.

In addition, the extensive literature [2, 3, 8, 9] on numerical approximations for hereditary
systems is available for evaluations of those L and M arising from linear quadratic regulator

designs.

If {tp}g is an increasing sequence in S, tp_1 <s< t and f is in G then [I'IthHtf] (s) =
(dk(s, tp)[DI'Ith (tp_l) + dk(tp_l, s)[DIIf] (tp))/dk(tp_l, tp). Thus to evaluate [IDIT, we need to
know [DHtf[(tp) forp=0,1,2,..,n. Letf denote the (n + 1)d vector given by f, = col(f(t,),
f(t,), ..., f(t,)) and L, the (n + 1)d X (n + 1)d block matrix whose (p, q) block is given by L (p, q)ij
= <L(tp, tq)ej, e>forO0<p,q<nand1<i,j<d. Define K, in an analogous way.

We have Htf = Zzzo K(, tq)cq where c, = [(Kt)-1 fl(q forq=0,1,2, .., n. Hence

DILf = 3¢ DK(, t)e, = 5o Lt , ¥, and, forp =0, 1, ..., n DILI,) = [LY*E) £](P).

Let M, denote the (n + 1)d X (n +1)d block matrix defined by

0 p=0
M,(p, q) = :
(P D [L)*K)p-1,9 1<p<n, 0<gs<n

Then [DFI(t,) = Mf)(p).

The matrices (Lt)*(Kt)'1 and M, denote discrete representations of the operators Hant and D,
respectively. Let us look closer at the structure of these matrices.

One can show that (Kt)‘1 is symmetric block tridiagonal. Forp =1, 2, ..., n. the p-th block in
the first subdiagonal is -(lldk(tp_l, tp))I. The first main diagonal block is (1/k(ty) + 1/dk(ty, t,))I,
the last main diagonal block is (1/dk(t_,, t,))], and, for p = 2, ..., n the p-th main diagonal block is
(1/dK(t, 5, t, 1) + 1/dK(t, ;, t DL IO <p < q<n then [LY*KY 1P, @) = L, PHIKY (@ -1,
qQ + [(Kt)‘l](q, qQ + [(Kt)'l](q +1),Q}=0ie, (Lt)*(Kt)‘1 is block lower triangular.

Clearly M, is also block lower triangular.

13



If D is a time invariant operator, i.e., [Dg](t + b) = [Df](t) with g(t) = f(t - b) for each fin (I -
P)Gy, b 20, t 20 then the structure of the matrices simplifies further. In this case L(v, w) - L(u,
w)=L(v+b,w+b)-L(a+b),w+b)for0<u<v<wand b20[15]. Lettp=—r+pc,p=0,
...,nwithr = p’c. It follows that

L*&y ', 9 =0 0<q<p<p’
= {L(p"+1,p+1)* -L(p’, p+D}/(+c) p=q=p +1
={L(p"+1, p"+1)* - L(p", p +1)*}ec p=qgq>p +1
= {L(p"+1, p)* - Ly(p", p)*}H(r+c)
-{Lp'+Lp-D*-L(p’,p-)*Hc  p>q=p'+1
= {L(p™+1, p+14j)* - L(0", p'+1+))*}c  p=q+j>q>p’
- {Lyp +1, p'+)* - Li(p", p +i)*}/e .

Thus the storage requirements for (Lt)*Kt)'1 and M, are significantly reduced. One need only

store (Lt)*(Kt)'l(p,q) forp=p ' <q<n,p=p +1<q<n,0<q<p”<p. Here [thl(tp) = 0 for

p<p ' +landforp’+1<p<n

p-1 .
DA = X, GEY 6L ity

P+l e vl ] Zp-l-(p’+2) ¢
=20 R Ll 2, 3l

where a; = ((Lt)*(Kt)’l(n, n-j) forj=0, ..., n- (p’+1). This expression simplifies further if r = 0,
which would be the case if D is of the form [Df](t) = Jlo g(t - s)f(s) ds for example. If r = 0 then

p'=0and

p-1
DA = D, afe-1-o)

for p” + 1 < p <n. Thus in the time invariant case evaluation of [Df](t,) involves a convolution
sum and, consequently, computation time can be reduced through use of an appropriate fast

algorithm.
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In the examples to follow, we solve the system h = [,-f + (B + D,),- h with t” a refinement of t

to obtain approximate solutions of the system h=f + Bh + D).

5. Numerical examples. In order to simulate h =f + Bh + Dh with t = {tp}g a partition of [-r, T]

one should choose, depending on the nature of B, a differential equation solver, see for example
[12]. On the interval [-r, 0] we have h=f. Let tyr = 0< tor1- On the interval [0, tp’+1] we know
f and D/h and so can solve for h. Proceeding in this manner one steps across the interval [0, T].
The following examples, were chosen to illustrate the effect of implementing the
approximations D, in a feedback control system. Because the examples are simple we chose to

base our calculations on the corollary to Theorem 3.

Example 1. Consider the time invariant system h = f + Bh + Dh with [Bh](t) = -4 J; (t-th(t) dt +

t t
] o N(7-.25) dt and [Dh(t) = -4 jo h(t) dt for t 2 0. Here the feedback operator D stabilizes the

system h = f + Bh. The effect of this stabilizing feedback is illustrated in Figure 2. In Figure 2 h
denotes the approximate solution of the system with D = 0 and h,, hg, h,, denote approximate
solutions of the feedback system with ¢ = -t = 1/128, 1/32, 1/8 respectively. It is interesting
to note that stability is maintained for relatively large values of the "holding time" c¢. Here we

obtain Nz(ﬁ'hp) <.031036, .061612, .12045, .22959, .41532 for ¢ = p/256,p = 2, 4, 8, 16, 32

respectively, where h denotes the solution of h = f + Bh + Dh.

Example 2. Let [Bh](t) = -4Jt)(t—t)h('c) dr - J:)h(t-.25) dr. For a given disturbance f, we wish to

choose a control u to drive the response of the system h = f + Bh + u to zero over a terminal
interval [1.25, 1.5]. Optimization techniques [14] can be used to obtain such a control in the form
u=Dh + g, i.e., uis the sum of a feedback term and an open loop term. Here D = A"1C? with A"l

=1- B and g depends on the known disturbance f and known parameters. The effects of

16
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More specific knowledge of the feedback operator leads to further simplifications. For
example, if [Dh](t) = Jio kh(t)dr, which is the case for a state space system h”(t) = ah(t) + Bv(t)

with feedback v(t) = x h(t), then [D;h](c) = 0 and for p > 1 [D;h](pc) = ¥ (¢/2){h(0) + 2h(c) + ... +
2h((p-2)c) + h((p-1)c), i.e., the approximation scheme reduces to the trapezoid rule.
Implementation of this approximation yields h”(t) = o h(t) + Bk {h((p-1)c) + h(pc)}/2 forpc < t <
(p+1)c, i.e., a simple "first order hold" approximation for the feedback operator.

Before illustrating the effect of implementing the approximation D, in a feedback control
system, we present a corollary to Theorem 3 which provides a method to obtain approximate
solutions to the system h = f + Dh with D in B.

Fort = {tp}g a partition of [-r, T], if h = Htf + D/h then his in I'[tGH and forO0<p<n

h(t,) = (t,) + [Dhl(t,) or h(p) =)+ [Mh](P). Thus h = f, + M, or h, = (I- DY TIN, =

(I(n+l)d ) Mt)_lfr

Corollary to Theorem 3. If fisin Gy, h=(I- D)1 £, and ¢ is a positive number then there is a
. . -1

partition s of {0, T] such that if {t p}(l)l refines s and 0 < p < n then | h(tp) - [(I(n+1) M) flp) | <e
Proof. Using Theorem 3 with B = 0, there is a partition s of [0, T] such that if {l;c}g refines

s then Ny((I- D)1 - (I- D))!) is smaller than either 1 or (1/2) e/(N_(f) + 1) and N_(f - I1f) < 1/2
&/(Ngp(I - D)1y + 1). Thus
N((I-D)y'f- (I-D)'ILH
SNyg(@-Dy!-@-DyHN_ (D
+ Nyp((@ - DY HN (£ - T
<172 €+ Ngp((I - D)L + DN_(f - IT,D
<€ .

Since ((1 - DY L), = Ay, 1)4 - Mf, we are through.
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implementing this control and the approximations u = D,h + g with f(t) = 1 + tfor -25<t<1.5 are
illustrated in Figure 3. Here h denotes the approximate solution of the system with D = 0 and h,),

h 4, and h,, denote approximate solutions with ¢ = tp-tog = 1/128, 1/16. 1/8 respectively. Note
that the desired terminal condition holds when ¢ = 1/128 and there is a slight deterioration in the
control system performance for larger values of the "holding time" ¢. For the example we obtain
N, sth-h))< 0032262, .0072059, .015469, .032368, .067435, .14337 for ¢ = p/256 and

p=2,4, 8, 16, 32 respectively, where h denotes the solution of h = f + Bh + Dh + g.

6. Concluding Remarks. We have presented a theory for the approximation of feedback control
operators which arise in the analysis of linear hereditary systems. The reproducing kernel Hilbert
space setting introduced facilitates the analysis and digital representation of such approximations.
Advances in on board computational capabilities indicate that storage of our discrete representations
of a feedback operator is feasible. Furthermore, in the design of feedback controllers for infinite
dimensional systems one need not be restricted to the search for simple feedback gains as in the
finite dimensional case.

Although we have not addressed control design issues in this paper, such problems have been
discussed using our abstract setting within a number of contexts [11, 16]. We are presently
investigating the robustness of control designs based upon an input/output description of the
systems. The results and examples presented in this paper indicate that such designs should have
good robustness properties.

A unified discussion of our approach to system analysis, approximation, and control will

appear in the lecture notes, "Structured Hereditary Systems" [17].
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